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Abstract
Continuous U(1)Lµ−Lτ symmetry can generate quasi degenerate mass spectrum for
both left handed light and right handed heavy Majorana neutrinos assuming that the
symmetry preserving non zero parameters are nearly same. There is an accidental µτ
exchange symmetry in the light and heavy neutrino Majorana mass terms. This implies
θ13 = 0 and θ23 =
pi
4 . In addition it generates another zero mixing angle and one zero
mass difference. We restrict ourselves to type-I See-Saw mechanism for generation of
light neutrino mass. We have found that under U(1)Lµ−Lτ symmetry cosmological lepton
asymmetry vanishes. We break U(1)Lµ−Lτ such a way that the µτ exchange symme-
try preserves in the neutrino sector. We have seen that light neutrino phenomenology
can be explained under soft breaking of this symmetry. We have observed that softness
of this symmetry breaking depends on the degeneracy of the light neutrino mass spec-
trum. Quasi-degeneracy of right handed neutrino mass spectrum opens an option for
resonant leptogenesis. The degeneracy of the right handed neutrino mass spectrum is
restricted through light neutrino data. We observed that for generation of right sized
baryon asymmetry common neutrino mass scale m0 have to be of the order of
√
∆m2atm
and corresponding right handed neutrino mass scale have to be nearly 1013 GeV. We also
have discussed the effect of RG evolution on light neutrino spectrum and also on baryon
asymmetry.
PACS number(s): 14.60.Pq, 11.30.Hv, 98.80.Cq
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1 Introduction
Neutrinos are massless particles in the Standard Model(SM). So, there is no option for leptonic
mixing. Astronomical observations of neutrino oscillation in the last ten years have confirmed
that neutrinos have masses and they can mix. Neutrino oscillation data provide us the infor-
mation about the mass-square differences of the neutrinos and the leptonic mixing angles.
Solar neutrino [1, 2] and reactor neutrino [3] oscillation data analysis [4, 5] provide us large
but non maximal solar mixing angle θ⊙ ≡ θ12 ∼ 34◦ and small solar mass square difference
∆m2⊙ ≡ ∆m221 = m22 −m21 ∼ 8 × 10−5eV2. Atmospheric neutrino [6] and accelerator neutrino
oscillation data [7] analysis give almost maximal atmospheric mixing angle θatm ≡ θ23 ∼ 45◦
and larger atmospheric mass square difference ∆m2atm ≡ |∆m232| = |m23 −m22| ∼ 2.1× 10−3eV2
compare to solar mass square difference. The CHOOZ experiment [8] gives only a upper limit
on θ13 [5], θ13 < 10
◦. Here the mixing angles are in the standard parametrization of PMNS
matrix [9].
Apart from neutrino oscillation data there are neutrinoless double beta(0νββ) decay ex-
perimental data [10] and WMAP data [11] about neutrino mass directly. Majorana character
(particle is its own antiparticle) of neutrino gives an option for 0νββ decay. It provides direct
bound on light neutrino mass scale [12]
meff ≡ |(mν)ee| =
∣∣∣∣∣
3∑
i=1
U2eimi
∣∣∣∣∣ < 0.89eV at 1σ. (1.1)
On the other hand WMAP data gives bound on the sum of three generation masses of neutrinos.
This bound is
3∑
i=1
mi ≤ 0.69eV at 95% confidence level. (1.2)
It is necessary to point out that atmospheric neutrino data can not settle the sign of ∆m232.
This sign ambiguity generates two kinds of hierarchical mass spectrum. Those are normal
hierarchical m1 ≪ m2 ≪ m3 and inverted hierarchical m1 < m2 ≫ m3. For mi,j ≫
√
|∆m2ij |
we can have quasidegenerate mass spectrum, m1 ≈ m2 ≈ m3. In this case both normal and
inverted ordering are also possible due to the same sign ambiguity of ∆m232. So, from neutrino
oscillation data we have
m2 = m0 m1 =
√
m20 −∆m2⊙ m3 =
√
m20 ±∆m2atm. (1.3)
Now if we use these to WMAP bound we have
m0 +
√
m20 −∆m2⊙ +
√
m20 ±∆m2atm ≤ 0.69eV
=⇒ m0 ≤ 0.23eV. (1.4)
If m0 remains in the range
√
∆m2atm ≤ m0 ≤ 0.23eV then hierarchical nature of the neutrino
mass will no longer exist and we can have the degenerate kind of mass spectrum with both
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type of ordering. In this article we want to study a flavor symmetry which leads to this kind
of light neutrino mass spectrum along with the two large mixing angle considering one mixing
angle zero.
Now we will briefly point out the existing flavor symmetric models. µτ exchange symmetry
(permutation symmetry Sµτ2 )[13, 14, 15, ] in the neutrino sector generates following Majorana-
like neutrino mass matrix,
mν =
 A B BB C D
B D C
 . (1.5)
It explains one zero mixing angle (θ13) and one maximal mixing angle (θ23). Other angle and
all masses of light neutrinos are unconstrained. To gain more predictability various kinds of
U(1) flavor symmetry can be imposed. Among them three are phenomenologically important.
Those are U(1)Le [16, ], U(1)Le−Lµ−Lτ [17, 18, 19] and U(1)Lµ−Lτ [16]. We will call them as
Le, Le − Lµ − Lτ and Lµ − Lτ symmetry. These three flavor symmetries can explain three
different kinds of neutrino mass spectrum. Normal and inverted hierarchical mass spectrum
can be obtained under Le and Le − Lµ − Lτ symmetry respectively. But, Lµ − Lτ symmetry
opens an option for degenerate kind of mass spectrum. It generates the following Majorana-like
neutrino mass matrix
mν =
 A 0 00 0 D
0 D 0
 (1.6)
which gives m2 = m3, θ13 = θ12 = 0 and θ23 = π/4. This is the special form of Eq. (1.5) with
B = C = 0. If we assume |A| ≈ |D|, we have m2 = m3 ≈ m1 which corresponds to “quasi
degenerate” mass spectrum.
Discrete flavor symmetry A4 [20] has an ability to produce degenerate kind of light neutrino
mass spectrum. We concentrate only to the continuous U(1) flavor symmetry Lµ−Lτ in type-I
see saw model with three generations of right handed neutrino. In this respect, it has also
been shown that the flavor symmetry Lµ−Lτ is (in the SM) anomaly free and may be gauged
[21]. In [16] the authors make some general study of this Lµ − Lτ symmetry breaking under
democratic as well as anarchical perturbation over Lµ − Lτ symmetric neutrino mass matrix
along with the radiative corrections. They also pointed out that such kind of mass matrices
can be generated through type-I see-saw mechanism. We disregard the radiative correction in
our analysis. We will comment about it at the end. The Lµ − Lτ symmetric Majorana mass
terms of neutrino (both left and right handed) shows permutation symmetry Sµτ2 . To keep
θ13 = 0 and θ23 = π/4, we break Lµ − Lτ symmetry keeping Sµτ2 symmetry in the neutrino
sector only. Lµ − Lτ symmetry generate quasi-degenerate mass spectrum both in right and
left handed neutrino under the assumption that the symmetry preserving non-zero parameters
are nearly equal. It opens an option for resonant kind of leptogenesis. Present WMAP [11]
prediction of baryon asymmetry (baryon density to photon density ratio) is
ηB = (6.1
+0.3
−0.2)× 10−10. (1.7)
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We will see that Lµ − Lτ symmetry forbids leptogenesis. We have tried to study whether it is
possible or not to generate light neutrino phenomenological results and the right sized baryon
asymmetry through leptogenesis under soft breaking of Lµ − Lτ symmetry.
In the Section. 2 we will introduce Lµ − Lτ symmetry to the Lagrangian relevant for our
discussion and will show the structures of Dirac-type mass matrix and right handed neutrino
mass matrix. In the subsequent two subsections of this section will consist of the study of light
neutrino phenomenology and leptogenesis when Lµ − Lτ symmetry is preserved. In the next
Section. 3 we will break the Lµ−Lτ symmetry. In its first Subsection 3.1 we will discuss about
the possibility of generation of experimental values of light neutrino masses and mixing angles
after soft breaking of Lµ−Lτ symmetry. In the next Subsection.3.2 we will study whether the
broken Lµ − Lτ symmetry can generate right sized lepton asymmetry for predicting WMAP
data of baryon asymmetry or not. We will discuss about the RG effects on our results at the
end of this subsection. Then we will conclude in the last Section. 4.
2 L˜ = Lµ − Lτ symmetry
For convenience from now we will call Lµ − Lτ symmetry as L˜ symmetry. Before going to the
details of this symmetry we want to introduce the Lagrangian relevant for our discussion. We
have introduced three generations of SU(2)L×U(1)Y singlet right handed neutrinos in addition
to SM particles. The relevant part of SU(2)L×U(1)Y symmetric Lagrangian for our discussion
is
−L Yl = ψ¯lL(Y l)ll′Φl′R + ψ¯lL(Y ν)ll′Φ˜Nl′R +
1
2
N¯l
c
L(MR)ll′Nl′R + h.c. (2.1)
where
ψlL =
(
νlL
lL
)
Φ =
(
φ+
φ0
)
, (2.2)
Φ˜ = iσ2Φ
∗, N cL = (NR)
c = −γ0CN∗R and l, l′ = e, µ, τ . νlL and NlR are the left and right handed
neutrinos. Φ is standard scalar doublet containing charged scalar φ+ and neutral scalarφ0.
After SU(2)L×U(1)Y symmetry breaking to U(1)Q mass terms are generated through vacuum
expectation values of Φ : 〈Φ〉 =
(
0
v√
2
)
. The mass terms are
−L m = l¯L(ml)ll′l′R + ν¯lL(mD)ll′Nl′R +
1
2
N¯l
c
L(MR)ll′Nl′R + h.c. (2.3)
where ml = Y
lv/
√
2 charged lepton mass matrix, mD = Y
νv/
√
2 Dirac type neutrino mass
matrix and MR is the bare Majorana type right handed neutrino mass matrix. Without loss of
generality we consider a basis where ml is diagonal, ml = diag(me, mµ, mτ ). Remaining part
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of the mass Lagrangian Eq. (2.3) gives neutrino mass terms in the following form
−L mν =
1
2
(
ν¯L N¯
c
L
)
l
(
0 mD
mTD MR
)
ll′
(
νcR
NR
)
l′
+ h.c. (2.4)
using the general identity
ψ¯Lmψ
′
R = ψ¯
′c
Lm
TψcR. (2.5)
For O(MR)≫ O(mD) we obtained effective Majorana-like light neutrino mass term
−L mνL =
1
2
ν¯lL(mν)ll′νl
c
R (2.6)
where
mν = −mDM−1R mTD. (2.7)
Eq. (2.7) is known as See-Saw formula which explains lightness of neutrino.
Now let us see the L˜ number of the different leptonic fields:
e, νe, Ne → L˜ = 0
µ, νµ, Nµ → L˜ = +1
τ, ντ , Nτ → L˜ = −1. (2.8)
All other fields have zero L˜ number. Now we want to impose L˜ symmetry to the Lagrangian.
L˜ symmetry simultaneously diagonalizes ml and mD. Under this symmetry mD and MR take
the following structure [16]
mD =
 a 0 00 b 0
0 0 c
 MR =
 p 0 00 0 q
0 q 0
 . (2.9)
Without loss of generality we choose that the elements of mD are real positive. So a, b and c
are real positive. p and q are complex in general.
2.1 Neutrino mass and mixing
Using the L˜ symmetric form of mD and MR from Eq. (2.9) in the see saw formula in Eq. (2.7)
we have
mν = −

a2
p
0 0
0 0 bc
q
0 bc
q
0
 . (2.10)
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Both MR and mν shows the permutation symmetry S
µτ
2 which is an accidental symmetry here.
mν can be diagonalized as
U †mνU
∗ = diag(m1, m2, m3) (2.11)
where
m1 =
∣∣∣∣∣a
2
p
∣∣∣∣∣ m2 = m3 =
∣∣∣∣∣bcq
∣∣∣∣∣ (2.12)
are the light neutrino masses. U relates the flavor basis to eigen basis of light neutrino:
νlL =
3∑
i=1
UliνiL. (2.13)
This U is the leptonic mixing matrix. The form of U we obtain
U =
 ie
−iθp/2 0 0
0 ie−iθq/2/
√
2 e−iθq/2/
√
2
0 ie−iθq/2/
√
2 −e−iθq/2/√2
 (2.14)
where θp = arg(p) and θq = arg(q). U of Eq. (2.14) can be rewritten as
U = Up1OUp2 =
 exp
−iθp/2 0 0
0 exp−iθq/2 0
0 0 − exp−iθq/2


1 0 0
0 1√
2
1√
2
0 −1√
2
1√
2

 i 0 00 i 0
0 0 1
 . (2.15)
The phases Up1 can be absorbed to the charged lepton fields in charged current interaction.
Non absorbable Majorana phases are in Up2. Matrix O gives the mixing angles. So we have
the mass-squared differences
∆m232 = 0 ∆m
2
21 =
∣∣∣∣∣bcq
∣∣∣∣∣
2
−
∣∣∣∣∣a
2
p
∣∣∣∣∣
2
(2.16)
and the mixing angles
θ12 = θ13 = 0 θ23 =
π
4
(2.17)
For a ≈ b ≈ c and |p| ≈ |q| we can have nearly degenerate mass spectrum. Recall that
θ12 = 0 is not a consequence of S
µτ
2 symmetry: it is the additional constraint coming from the
L˜ symmetry.
2.2 Leptogenesis
Let us briefly discuss about right handed Majorana neutrino decay generated leptogenesis.
There is a Dirac type Yukawa interaction in Eq. (2.1) of right handed neutrino (Nl) with SM
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lepton doublet and Higgs doublet. At the energy scale where SU(2)L×U(1)Y symmetry is pre-
served, physical right handed neutrino Ni with definite mass can decay both to charged lepton
with charged scalar and light neutrino with neutral scalar. Due to the Majorana character of Ni
conjugate process is also possible. If out of equilibrium decay of Ni in conjugate process occur
at different rate from actual process, net lepton number will be generated. The CP asymmetry
of decay is characterized by a parameter εi which is defined as
εi =
ΓNi→l−φ+,νlφ0 − ΓNi→l+φ−,νcl φ0∗
ΓNi→l−φ+,νlφ0 + ΓNi→l+φ−,νcl φ0∗
. (2.18)
At SU(2)L × U(1)Y symmetry preserving scale we can have exactly the masses of the right
handed neutrinos diagonalising only the bare mass matrixMR in Eq. (2.9). We diagonalizeMR
as
V †MRV ∗ = diag(M1,M2,M3) (2.19)
where this V relates the flavor basis to eigen basis of right handed neutrino:
NlR =
3∑
i=1
V ∗liNiR. (2.20)
and the Mi are the masses of right handed neutrinos. Now starting with the general resummed
effective Yukawa couplings in one loop for three generation of right handed neutrino from the
Appendix-A Eq. A.7 in the Ref:[22] we obtain the two parts of εi, the general vertex part
εVi =
1
4πv2hii
∑
j 6=i
Im(h2ij)×
[√
xij
{
1− (1 + xij) ln(1 + 1
xij
)
}]
(2.21)
and the self energy part
εSi =
1
4πv2hii
∑
j 6=i
Im(h2ij)×
[
(1− xij)√xij
(1− xij)2 + (hjj/4πv2)2
]
. (2.22)
where xij =M
2
j /M
2
i and
h = m′†Dm
′
D, (2.23)
where
m′D = mDV
∗. (2.24)
The vertex part εVi in Eq. (2.21) has the standard form [23, 24]. The self energy ε
S
i part in Eq.
(2.22) is true for general two generation right handed neutrino [22]. Complicated expression
for three generation self energy part εSi can be reduced to the expression in Eq. (2.22) for small
Yukawa couplings or under some special conditions. One condition is that any one of the right
handed neutrino has very larger value of mass compare to other two [22]. We observed that
for any one generation k if hkj = 0 for all j 6= k, then the expression in Eq. (2.22) also can be
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used for three generation as well. It turns out to the fact that corresponding εk = 0. Other
two generations can give nonzero εi (i 6= k), if Im(h2ij) 6= 0 and function in the parenthesis
of Eq. (2.21) and Eq. (2.22) are nonzero. This whole discussion about the expression of εi
is done keeping in mind that the right handed neutrinos can have masses with very close in
value. There is a possibility in that case where the two quantities of the denominator in the
self energy expression εSi of Eq. (2.22) become comparable in value. This is equivalent to the
resonant condition Mi −Mj ≈ Γi,j/2 where Γi is the decay width of Ni. Then the the self
energy contribution εSi will be enhanced compare to ε
V
i . This is so called resonant leptogenesis.
For hierarchical mass spectrum of right handed neutrino the second term in the denominator
of εSi Eq. (2.22) for the self energy contribution become negligible and it can be reduced to the
usual self energy function
√
xij/(1− xij) [24].
Now coming back to our original discussion for this model we first state the results of
diagonalization of L˜ symmetric MR of Eq. (2.9) as in Eq. (2.19). The obtained masses of the
right handed neutrinos are
M1 = |p| M2 = M3 = |q| . (2.25)
The form of diagonalizing matrix V of Eq. (2.19) is
V =
 e
iθp/2 0 0
0 eiθq/2/
√
2 −ieiθq/2/√2
0 eiθq/2/
√
2 ieiθq/2/
√
2
 . (2.26)
Using this V we can easily get m′D from Eq. (2.24). Putting this m
′
D to Eq. (2.23) we can have
the relevant matrix h for the calculation of εi. So, the obtained form of h is
h = m′†Dm
′
D
=
 a
2 0 0
0 (b2 + c2)/2 −i(b2 − c2)/2
0 i(b2 − c2)/2 (b2 + c2)/2
 . (2.27)
h12 = h13 = 0 ensure that ε1 = 0. So, N1 decay can not generate lepton asymmetry. Remaining
two generation are degenerate in mass. As x23 = 1 self energy part ε
S
2,3 as in Eq. (2.22) does
not contribute to ε2,3. But, as Im(h
2
23) = 0 both ε2 and ε3 vanishes individually. This is the
artifact of the L˜ symmetry. So, lepton asymmetry cannot be generated when L˜ symmetry is
exact. Without calculating decay asymmetry parameters one can check CP is preserved or not.
We want to calculate a weak basis invariant CP odd quantity ∆CP which have to be nonzero
in order to generate non zero lepton asymmetry. ∆CP is defined as [25]
∆CP ≡ ImTr
[
m†DmDM
†
RMRM
†
Rm
T
Dm
∗
DMR
]
. (2.28)
In the physical mass basis of right handed neutrino it takes the form [25]
∆CP = M1M2(M
2
2 −M21 )Im(h212) +M1M3(M23 −M21 )Im(h213)
+M2M3(M
2
3 −M22 )Im(h223). (2.29)
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h12 = h13 = 0 and Im(h
2
23) = 0 imply that ∆CP = 0. So, it explains the reason for vanishing
of lepton asymmetry under L˜ symmetry. Before closing our discussion for this subsection we
want to point out about the imposition of Sµτ2 symmetry in the neutrino sector only. Under S
µτ
2
symmetry we have b = c of the elements of mD in Eq. (2.9). It makes h of Eq. (2.27) exactly
diagonal. We will see that whether it is possible or not to generate lepton asymmetry along
with light neutrino phenomenology under soft violation of L˜ symmetry keeping Sµτ2 unaltered.
3 Soft breaking of L˜ symmetry
As L˜ symmetric MR and mν both shows the S
µτ
2 symmetry, we break L˜ symmetry such a way
that Sµτ2 symmetry preserves. We break the L˜ symmetry only in the right handed neutrino bare
mass matrix MR, preserving S
µτ
2 and keeping the L˜ symmetry everywhere else for minimality.
To see this Sµτ2 symmetry also in mν we have to impose this symmetry tomD also which implies
b = c in mD matrix of Eq. (2.9). Now let us write down the MR and mD including L˜ violating
effects
mD =
 a 0 00 b 0
0 0 b
 MR =
 p ǫ ǫǫ ǫ′ q
ǫ q ǫ′
 . (3.1)
Here, ǫ and ǫ′ are the L˜ symmetry violating small parameters and they are complex in general.
Seeing also in the L˜ symmetric ∆m221 in Eq. (2.16) we require some assumptions which are
|p| ≈ |q| and b ≈ a. We quantify these assumptions as
|q| = |p|(1 + ∆′) and b = a(1 + ∆) (3.2)
for using in future. Here ∆ and ∆′ are the small numbers. This will generate quasi-degenerate
mass spectrum for both in light and heavy neutrino sector. We also want to define three
quantities which we will use in later time. Those are
δ =
ǫ
|p| , δ
′ =
ǫ′
|p| and m0 =
a2
|p| , (3.3)
where δ, δ′ are the measures of L˜ violation and m0 is the common light neutrino mass scale.
Now we want to study whether it is possible or not to generate right sized baryon asymmetry
through lepton asymmetry along with the successful low energy light neutrino phenomenology.
9
3.1 Light neutrino phenomenology
Using L˜ symmetry violating mD and MR in see-saw formula in Eq. (2.7) we have the following
form of light neutrino mass matrix
mν =
 A B BB C D
B D C
 . (3.4)
which is in general Sµτ2 symmetric form. The elements are
A = −(q + ǫ
′)a2
F
B =
abǫ
F
C = −b
2(ǫ2 − pǫ′)
(q − ǫ′)F D =
b2(ǫ2 − pq)
(q − ǫ′)F (3.5)
where
F = (pq + pǫ′ − 2ǫ2). (3.6)
B and C should be small because the L˜ symmetry is approximate. The dependence of B and
C on the symmetry violating parameters ǫ and ǫ′ ensure it. Next discussions are similar to Sµτ2
symmetric [13, 14, 15] case. Smallness of B and C is the special feature here. In the process of
finding masses and mixing we first diagonalize H which is defined
H = mνm
†
ν =
 P Q
∗ Q∗
Q R S
Q S R
 (3.7)
where
P = |A|2 + 2 |B|2 Q = A∗B +B∗(C +D)
R = |B|2 + |C|2 + |D|2 S = |B|2 +DC∗ + CD∗ (3.8)
We diagonalize H as
U †HU = diag(m21, m
2
2, m
2
3) (3.9)
where the eigen values are [13, 14, 15]
m22,1 =
P +R + S ±
√
(R + S − P )2 + 8 |Q|2
2
m23 = R− S (3.10)
and the mixing matrix
U =

J
√
2Q∗J
m2
2
−P 0
− QJ
m2
2
−P
J√
2
− 1√
2
− QJ
m2
2
−P
J√
2
1√
2
 where J =
√√√√ m22 − P
m22 −m21
. (3.11)
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This matrix U can diagonalize mν but the entries may not be real positive. So, additional
diagonal phase matrix have to multiply in the right side of the above U . We are not interested
about this phase matrix in the analysis of light neutrino phenomenology. We will see that such
phase matrix play an important role in lepton asymmetry generation. We can rewrite U in Eq.
(3.11), and we have
U =
 exp
iθQ 0 0
0 1 0
0 0 −1


J
√
2|Q|J
m2
2
−P 0
− |Q|J
m2
2
−P
J√
2
1√
2
|Q|J
m2
2
−P − J√2 1√2

 exp
−iθQ 0 0
0 1 0
0 0 −1
 (3.12)
where θQ = arg(Q). The matrix in the middle of the above decomposition of U gives the mixing
angle and it exactly matches with the O matrix in Eq. (2.15) in exact L˜ symmetric case, Q = 0
and J = 1. So, we have the mixing pattern as follow [13, 14, 15]
θ13 = 0 θ23 = π/4
tan 2θ12 =
2
√
2|Q|
R + S − P . (3.13)
Now from the Eq. (3.10) we have the mass differences
∆m221 =
√
(R + S − P )2 + 8 |Q|2 = (R + S − P )
√
1 + tan2 2θ12 = 2
√
2|Q|
√
1 + tan2 2θ12
tan2 2θ12
(3.14)
and
∆m232 = −
∆m221
2
1− 1√
1 + tan2 2θ12
− 2S. (3.15)
These are the results from general Sµτ2 symmetric case. Now substituting the expression of A,
B, C and D from Eq. (3.5) to P , Q, R and S of Eq. (3.8) we get the following approximate
results keeping terms first order in δ, δ′, ∆ and ∆′
R + S − P ≈ 2m20(2∆−∆′ − |δ′| cos γ) Q ≈ −2m20|δ| cos
ρ
2
expiθQ
S ≈ −2m20δ′ cos γ. (3.16)
which give us
tan 2θ12 ≈
2
√
2|δ| cos ρ
2
2∆−∆′ − |δ′| cos γ
∆m221 ≈ 2m20(2∆−∆′ − |δ′| cos γ)
√
1 + tan2 2θ12
≈ 4
√
2m20|δ| cos
ρ
2
√
1 + tan2 2θ12
tan2 2θ12
∆m232 ≈ −
∆m221
2
1− 1√
1 + tan2 2θ12
+ 4m20|δ′| cos γ. (3.17)
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where the phase of the approximated Q is 2θQ = arg (pq
∗), ρ = arg (ǫ2q∗p∗) and γ = arg (q∗ǫ′).
Best fit value of solar angle θ⊙ ≈ 34◦, tan 2θ⊙ ≈ 2.5. It demands that |δ| cos ρ2 and 2∆−∆′ −
|δ′| cos γ have to be nearly same order in magnitude. According to the Eq. (3.17), in order
to generate solar mass difference successfully along with the solar angle those combination of
parameters should have following expression
|δ| cos ρ
2
≈ ∆m
2
21
4
√
2m20
√
tan2 2θ12
1 + tan2 2θ12
2∆−∆′ − |δ′| cos γ ≈ ∆m
2
21
2m20
√
1
1 + tan2 2θ12
. (3.18)
Again to get atmospheric mass difference in right range we should take
|δ′| cos γ ≈ ∆m232/4m20. (3.19)
We can conclude from Eq. (3.18,3.19) that smallness of L˜ symmetry breaking parameters are
required for successful generation of light neutrino mass differences and mixing angles. From Eq.
(3.18,3.19) we can say that |δ′| cos γ is larger in value compare to |δ| cos ρ
2
and 2∆−∆′−|δ′| cos γ.
So, three terms in 2∆−∆′−|δ′| cos γ are required to cancel among themselves to generate ∆m221
value correctly. So far we didn’t tell about neutrinoless double beta decay. The relevant quantity
is
(mν)ee ≈ −m0 exp−iθp . (3.20)
So, from the neutrinoless double beta decay bound Eq. (1.1) we can say thatm0 ≤ 0.89eV. Ifm0
is larger side of WMAP bound smallness of symmetry violating parameters will be confirmed.
As larger value of m0 also confirms quasi-degenerate mass spectrum, so we can say that the
softness of L˜ symmetry violation and degeneracy of light neutrino mass spectrum are corelated.
We have completed our discussion about light neutrino phenomenology except low energy CP
violation in the leptonic sector. After successful predictions of light neutrino phenomenology
let us see the leptogenesis part after L˜ symmetry violation and also let us observe how much
value m0 will require for generation of right sized baryon asymmetry.
3.2 Leptogenesis
We have already shown the L˜ symmetry violating MR in Eq. (3.1). Our primary goal is to
diagonalizeMR which is in same form of mν in Eq. (3.4). In order to do this we first diagonalize
H ′ =MRM
†
R.
MR =
 p ǫ ǫǫ ǫ′ q
ǫ q ǫ′
 ≡
 A
′ B′ B′
B′ C ′ D′
B′ D′ C ′

H ′ =MRM
†
R =
 P
′ Q′∗ Q′∗
Q′ R′ S ′
Q′ S ′ R′
 (3.21)
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where
P ′ = |A′|2 + 2 |B′|2 Q′ = A′∗B′ +B′∗(C ′ +D′)
R′ = |B′|2 + |C ′|2 + |D′|2 S ′ = |B′|2 +D′C ′∗ + C ′D′∗ (3.22)
The eigenvalues of H ′ are in similar form of eigenvalues of H in Eq. (3.10),
M22,1 =
P ′ +R′ + S ′ ±
√
(R′ + S ′ − P ′)2 + 8 |Q′|2
2
M23 = R
′ − S ′ (3.23)
and the diagonalizing matrix V of H ′ is in same form of U in Eq. (3.11),
V =

J ′
√
2Q
′
∗J ′
M2
2
−P ′ 0
− Q′J ′
M2
2
−P ′
J ′√
2
− 1√
2
− Q′J ′
M2
2
−P ′
J ′√
2
1√
2
 where J ′ =
√√√√ M22 − P ′
M22 −M21
. (3.24)
We define a quantity r which is tan 2θ′12 from V matrix. It has similar expression like tan 2θ12
of Eq. (3.13). So,
r = tan 2θ′12 =
2
√
2|Q′|
R′ + S ′ − P ′ ≈
2
√
2|δ| cos ρ
2
∆′ + |δ′| cos γ , (3.25)
where we have used
R′ + S ′ − P ′ ≈ 2|p|2(∆′ + |δ′| cos γ)
Q′ ≈ 2|p|2|δ| cos ρ
2
expiθ
′
Q (3.26)
with 2θ′Q = arg (p ∗ q) = −2θQ. This V can diagonalize MR but the entries may not be real
positive. So we can write
V †MRV ∗ = diag(M1 expi2θ
′
1 ,M2 exp
i2θ′
2 ,M3 exp
i2θ′
3). (3.27)
We can evaluate the phases from Eq. (3.27) and the obtained results are
expi2θ
′
1 =
1
(M22 −M21 )(M22 − P ′)M1
{
A′(M22 − P ′)2 − 4Q
′∗B′(M22 − P ′) + 2Q
′∗2(C ′ +D′)
}
expi2θ
′
2 =
1
(M22 −M21 )(M22 − P ′)M2
{
2Q′2A′ + 4Q′B′(M22 − P ′) + (C ′ +D′)(M22 − P ′)2
}
expi2θ
′
3 =
1
M3
(C ′ −D′). (3.28)
This phases can be absorbed to V . The redefined V is
V ′ = V VP where VP = diag(expiθ
′
1 , expiθ
′
2 , expiθ
′
3). (3.29)
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With this V ′ and mD of Eq. (3.1) we can construct m′D ≡ mDV ′. The relevant matrix h for
leptogenesis takes the form
h = m′†Dm
′
D =

J ′2
{
a2 + 2b
2|Q|2
(M2
2
−P ′)2
} √
2J ′2Q′(a2−b2)
M2
2
−P ′ exp
i(θ′
1
−θ′
2
) 0
√
2J ′2Q′∗(a2−b2)
M2
2
−P ′ exp
i(θ′
2
−θ′
1
) J ′2
{
b2 + 2a
2|Q|2
(M2
2
−P ′)2
}
0
0 0 b2
 . (3.30)
h13 = h23 = 0 ensure that N3 decay asymmetry ε3 = 0. We only now concentrate remaining
two right handed neutrinos N1,2. The important quantity for generating decay asymmetry
parameters ε1,2 is
Im(h212) = −Im(h221) =
2(a2 − b2)2
(M22 −M21 )2
Im(Q′2 expi2(θ
′
1
−θ′
2
)), (3.31)
where
expi2(θ
′
1
−θ′
2
) ≈ M2
M1
[
1− 1√
1 + r2
(
∆′ + |δ′| expiγ
)]
exp−i2θ
′
Q . (3.32)
Now using Eq. (3.23) let us write down the important ratio of the masses of right handed
neutrinos,
x12 =
M22
M21
≈ 1 + 2(∆′ + |δ′| cos γ)
√
1 + r2. (3.33)
Now using Eq. (3.23), Eq. (3.25), Eq. (3.26) and Eq. (3.32) to Eq. (3.31) we obtain
Im(h212) = −Im(h221) ≈ −(a2 − b2)2
r2
4(1 + r2)3/2
× |δ′| sin γ (3.34)
Due to the fact of smallness of 1 − x12 and 1 − x21 appreciable enhancement of ε1,2 for self
energy part εS1,2 in Eq. (2.22) is possible when resonant condition
M2 −M1 ≈ Γ1,2/2 (3.35)
is satisfied which is equivalent to the equality of the denominators of self energy term εS1,2 in
Eq. (2.22). We can rewrite this condition as
|1− x12| ≈ h22
4πv2
=⇒ 2(∆′ + |δ′| cos γ)
√
1 + r2 ≈ a
2
4πv2
(3.36)
where we have used the Eq. (3.33). From the relations in Eq. (3.3) and Eq. (3.36) we can find
heavy neutrino scale M in terms of m0 and ∆
′, |δ′| cos γ and r,
M ≡ |p| = a
2
m0
≈ 8πv
2(∆′ + |δ′| cos γ)√1 + r2
m0
. (3.37)
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At resonance vertex part of εi is negligible. Considering only self energy part Eq. (2.22) with
resonant condition of Eq. (3.36) we have
ε1 ≈ εS1 =
1
4πv2h11
Im(h212)×
1
2(1− x12) = −
Im(h212)
2h11h22
. (3.38)
As h11 ≈ h22, 1− x12 ≈ −(1 − x21) and Im(h212) = −Im(h221), so ε1 ≈ ε2. Using Eq. (3.34) and
h11 ≈ h22 ≈ a2 to Eq. (3.38) we have
ε = ε1 ≈ ε2 ≈ (a
2 − b2)2
a4
× r
2
8(1 + r2)3/2
× |δ′| sin γ
≈ 4∆2 × r
2
8(1 + r2)3/2
× |δ′| sin γ (3.39)
where we have used b = a(1 + ∆) from Eq. (3.2). One point we should mention that although
h13 = h23 = 0, ∆CP of Eq. (2.29) is non zero after L˜ violation as M2 6=M1 and Im(h212) 6= 0 .
CP asymmetry parameters εi are related to the leptonic asymmetry parameters through YL
as [26, 27, 22]
YL ≡ nL − n¯L
s
=
3∑
i
εiκi
g∗i
(3.40)
where nL is the lepton number density, n¯L is the anti-lepton number density, s is the entropy
density, κi is the dilution factor for the CP asymmetry εi and g∗i is the effective number
of degrees of freedom [28] at temperature T = Mi. Value of g∗i in the SM with three right
handed Majorana neutrinos is 112. The baryon asymmetry YB produced through the sphaleron
transmutation of YL , while the quantum number B − L remains conserved, is given by [29]
YB =
ω
ω − 1YL with ω =
8NF + 4NH
22NF + 13NH
, (3.41)
where NF is the number of fermion families and NH is the number of Higgs doublets. The
quantity ω = 28/79 in Eq. (3.41) for SM. Now we introduce the relation between YB and ηB,
where ηB is the baryon number density over photon number density nγ. The relation is [30]
ηB =
s
nγ
∣∣∣∣∣
0
YB = 7.0394YB, (3.42)
where the zero indicates present time. Now using the relations in Eqs. (3.40,3.41, 3.42), ω =
28/79 and g∗i = 112 we have
ηB = −3.451× 10−2
∑
i
εiκi. (3.43)
This dilution factor κi approximately given by [27, 31, 32]
κi ≃ 0.3
Ki(lnKi)3/5
with Ki =
Γi
Hi
, (3.44)
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where Γi is the decay width of Ni and Hi is Hubble constant at T =Mi. Their expressions are
Γi =
hiiMi
4πv2
and Hi = 1.66
√
g∗i
M2i
MP
, (3.45)
where v = 246GeV and MP = 1.22× 1019GeV. Thus we have
Ki =
MPhii
1.66× 4π√g∗iv2Mi . (3.46)
Now the quantities K1 and K2 from Eq. (3.46) takes the form
K = K1 ≈ K2 ≈ 4.5× 10−3 × MPm0
v2
≈ 913.2× m0
1eV
(3.47)
where h11/M1 ≈ h22/M2 ≈ a2/|p| = m0. With this we have
κ = κ1 ≈ κ2 ≈ 0.3
K(lnK)3/5
≈ 3.2× 10−4 × 1eV
m0(lnK)3/5
. (3.48)
Using ε from Eq. (3.39) and κ of Eq. (3.48) to the expression of baryon asymmetry Eq. (3.43),
we have
ηB ≈ −3.451× 10−2 × 2× εκ
≈ −6.9× 10−2 × 3.2× 10−4 × 1eV
m0(lnK)3/5
× 4∆2 × r
2
8(1 + r2)3/2
× |δ′| sin γ
≈ −2.3× 10−5 × 1eV
m0
×
(
1
lnK
)3/5
× 4∆2 × r
2
8(1 + r2)3/2
× ∆m
2
32
4m20
tan γ (3.49)
where we have used the expression of δ′ from Eq. (3.19). Now for the numerical estimation let
us consider two cases.
Case-I: Seeing Eq. (3.18) we first consider that 2∆ ≈ ∆′+ |δ′| cos γ ≈ ∆m221
2m2
0
√
1+tan2 2θ12
which
give r ≈ tan 2θ12 from Eq. (3.25). With this we have,
ηB ≈ −2.3× 10−5 × 1eV
m0
×
(
1
lnK
)3/5
×
(
∆m221
2m20
)2
× tan
2 2θ12
8(1 + tan2 2θ12)5/2
× ∆m
2
32
4m20
tan γ
≈ −1.04× 10−19 ×
(
1eV
m0
)7
×
(
1
lnK
)3/5
tan γ (3.50)
To get ηB ≈ 6.0× 10−10 we have to take m0 ≈
√
∆m2atm = 0.045eV for γ = −67◦. We have the
right handed neutrino mass scale M ≈ 3.0 × 1013GeV from Eq. (3.37). In this case we have
δ ≈ 6.5× 10−3 from Eq. (3.18) for small ρ and δ′ = 0.63 from Eq. (3.19).
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Case-II: Again seeing Eq. (3.18) and Eq. (3.19) we also can consider that 2∆ ≈ ∆′ +
|δ′| cos γ ≈ ∆m232
4m2
0
which give r ≈ 2∆m221
∆m2
32
×
√
tan2 2θ12
1+tan2 2θ12
from Eq. (3.25). With this we have,
ηB ≈ −2.3× 10−5 × 1eV
m0
×
(
1
lnK
)3/5
×
(
∆m232
4m20
)2
×
(
2∆m221
∆m232
)2
× tan
2 2θ12
8(1 + tan2 2θ12)
× ∆m
2
32
4m20
tan γ
≈ −2.0× 10−18 ×
(
1eV
m0
)7
×
(
1
lnK
)3/5
tan γ. (3.51)
For this case to obtain ηB ≈ 6.0 × 10−10 we have to take m0 ≈ 0.067eV for γ = −67◦. In
this case we have the right handed neutrino mass scale M ≈ 1.7 × 1014 from Eq. (3.37). Here
the L˜ symmetry violating parameters will be δ ≈ 2.9 × 10−3 and δ′ ≈ 0.28 from Eq. (3.18)
and Eq. (3.19) respectively. Again here we also have right sized baryon asymmetry with right
sign compatible with the light neutrino phenomenology under soft breaking of L˜ symmetry.
In Case-I fine cancellation between ∆′ and |δ′| cos γ is required. For Case-II fine cancellation
is required between 2∆ and ∆′ + |δ′| cos γ. In both cases we keep γ in the fourth quadrant
(γ = −67◦) to get tan γ negative which generates positive sign of baryon asymmetry. From
Eq. (3.19) this corresponds to the fact that ∆m232 > 0 because cos γ is positive there. Now
if we keep γ (γ = 113◦ for both cases) in the 2nd quadrant we can have the same results for
baryon asymmetry. But, for this γ we can have ∆m232 < 0 from Eq. (3.19). So, normal and
inverted ordering of quasi degenerate mass spectrum of light neutrinos can be obtained under
proper choice of γ. From the discussion of the above two cases we can say that if M ≤ 1012
[14, 26, 27] this bound is not so strict we can have proper sized baryon asymmetry with right
sign maintaining light neutrino phenomenology in tact under soft breaking of L˜ symmetry.
In SM framework RG evolution effects on mixing angles and masses are usually small because
neutrino Yukawa couplings are small. In our case neutrino Yukawa couplings are not small and
the netrino mass spectrum is quasidegenerate kind. So, RG effect may be appreciable on light
neutrino mass and mixing pattern [33, 34]. We have checked that in Case-I mixing pattern of
light neutrino is stable under RG running. But, in Case-II solar angle has an appreciable effect
from GUT scale to see-saw scale keeping other angles unaltered. We have also seen that RG
evolution of m20, ∆m
2
21 and ∆m
2
32 are dominated by α¯SM [34]. The proper choice of GUT scale
value of m20, ∆m
2
21 and ∆m
2
32 in both cases and solar angle in Case-II can match the low energy
data of light neutrino. We also have observed that
m2
0
∆m2
21
,
m2
0
∆m2
32
,
∆m2
21
∆m2
32
are almost independent
of scale. It ensures that RG evolution has a little effect on our results of baryon asymmetry in
both cases.
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4 Conclusion
We have studied light neutrino phenomenology for the softly broken L˜ symmetry keeping Sµτ2
symmetry which is an accidental symmetry of light and heavy Majorana neutrino mass terms
for the exact L˜ symmetry. We restrict ourselves to type-I See-Saw mechanism for generation of
light neutrino mass term. Under the assumption of L˜ symmetry preserving non zero parameters
in the neutrino sector are nearly same, we can have quasi degenerate mass spectrum for both
light and heavy Majorana neutrino. We have seen that softness of the L˜ symmetry violation
depends on the degeneracy of the light neutrino mass spectrum. More degeneracy implies
more soft L˜ violation. Common light neutrino mass scale can be as large as the upper bound
from WMAP data. Soft breaking of L˜ symmetry have an ability to generate light neutrino
phenomenology. We are in θ13 = 0 and θ23 =
pi
4
case. In [16] authors consider radiative
correction in addition to soft breaking of L˜ symmetry. They need large tan β for generation
appreciable radiative correction from SUSY. They predicted non-zero θ13 and hierarchy of solar
and atmospheric mass difference. We restrict ourselves to SM framework with three singlet
right handed neutrinos. We have found that the exact L˜ symmetry forbids leptogenesis. We
have studied whether it is possible or not to generate right sized baryon asymmetry after
breaking of L˜ symmetry. The quasi-degenerate mass spectrum of right handed neutrinos opens
an option for resonant kind of leptogenesis. We have found that the degeneracy of right handed
neutrino mass spectrum is restricted through light neutrino data. We have found that common
light neutrino mass scale m0 have to be of the order of
√
∆m2atm for generation of WMAP
value of baryon asymmetry for one case. The resonant condition generates the scale of heavy
Majorana neutrino mass which is nearly 1013 GeV in that case. Little larger value of m0 and
M are required for another case to generate baryon asymmetry. If the bound M ≤ 1012GeV as
pointed out in [14, 26, 27] is confirmed present model could not predict baryon asymmetry. Then
the baryon asymmetry have to have different origin other than the heavy Majorana neutrino
decay generated leptogenesis and its transmutation to baryon asymmetry through sphaleron.
Again we have seen that both normal and inverted types of ordering of quasidegenearte mass
spectrum of light neutrinos are compatible with baryon asymmetry data. We have checked
that solar angle in Case-II and m20, ∆m
2
21 and ∆m
2
32 masses in both cases have appreciable RG
effects. Proper choice of GUT scale value of those quantities can match the low energy data
of light neutrino. We have also seen that RG evolution has a little effect on the predictions of
baryon asymmetry. Another point we should mention that the Sµτ2 is broken in the charged
lepton mass term. To break Sµτ2 naturally more two scalar doublets Φ
′ and Φ′′ can be adapted
as in [14]. In this [14] article authors considered that Φ couples to eR, Φ
′ couples to µR and Φ′′
couples to τR. Under S
µτ
2 µ↔ τ , the Φ′ remains invariant while Φ′′ changes sign; this leads to
mµ 6= mτ . Incorporation of the two scalar does not affect our light neutrino phenomenology.
The effective degrees of freedom g∗ changes 112 to 120 and ω changes 28/79 to 12/35 which
cannot change appreciably of our predictions in baryon asymmetry.
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